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An implementation of an acousto-optic heterodyning image processor was reported earlier [Opt. Lett. 4, 317

(1979)]. However, details of that report are limited only to the confirmation of the basic principle of operation. In
this paper, we present and emphasize the mathematical structure of the processor. We also compare this processor
with other kinds of scanning and nonscanning processors. The analysis is then extended to the defocused case,
where the optical transfer function is derived. A potential application of this in scanning holography is dis-
cussed.

1. INTRODUCTION

In a conventional incoherent scanning or imaging system,
limitations exist on image processing that are due to the re-
sulting nonnegative intensity spread function [point-spread
function (PSF)], which, in turn, imposes severe constraints
on both the amplitude and the phase of the optical transfer
function (OTF).1 Such limitations can be circumvented by
introducing a two-pupil system2 '3 that is characterized by a
great flexibility in pupil-function specification for a desired
synthesized PSF. Any bipolar impulse response can be syn-
thesized by using two-pupil methods as long as the pupil
function can be arbitrarily specified. Two-pupil systems are
usually implemented by separating the responses (i.e., sepa-
rating the interactive term and the noninteractive term2 on
the basis of either spatial4 '5 or temporal 6 carriers. The pupils
are created by either amplitudes 6 or wave-front3 4 division.

Two-pupil synthesis by means of acousto-optics has re-
cently been reported. 7 A simple pupil interaction processing
technique, in which both spatial-frequency offset (wave-front
division) and temporal-frequency offset are brought about by
acousto-optic Bragg diffraction without complicated geo-
metrical configurations, was demonstrated. However, details
of the report are pertinent only to the principle of operation.
In this paper, we consider holographic implications of this
device in the context of two-pupil processing in general. We
begin in Section 2 with a general review of OTF synthesis and
its equivalence in scanning applications. In Section 3, we
present the principles of two-pupil synthesis by acousto-optics
and extend the analysis to the defocused case, in which a novel
technique of optical-scanning holography is introduced that
is somewhat analogous to synthetic aperture radar. In the
last section, we discuss some possible implementations of this
idea.

2. GENERAL OUTLINE OF OPTICAL
TRANSFER FUNCTION SYNTHESIS

A. One-Pupil Synthesis with Scanning Beam
Refer to the geometry of Fig. 1, where the system is under
coherent illumination. Lens L1 forms the Fourier transform

U1 ' of the optical field U in its focal plane, plane 1, where a
beam-shaping transparency ri multiplies U1' to create U1.
Lens L2 forms the Fourier transform U2 of U1 in its back focal
plane.8 The field U2 in plane 2 is used to scan out a trans-
parency r 2 (x, y). By scanning is meant that successive points
(x, y in transparency coordinates) of r 2 are brought into co-
incidence with the center (x2 , Y2 = 0, 0) of the field in the x2y2

plane. This is most easily accomplished by keeping the beam
fixed while moving the transparency across it. The photo-
diode PD, which responds to the incident intensity of the
optical wave field, accepts the entire field r 2U2 and generates
a direct current that is given by

I(x, ) = S, U2(x2, Y 2)U2*(X2 , Y 2)
X r 2(x2 + x, Y2 + y)I2dx2dy2

with an inessential constant left out.
Equation (1) may be readily recognized as the correlation

of two functions U2 U2* and P r212 if (x, y) is replaced by (-x,
-y):

I(-x, -Y) = ff U2(X2,y 2)U2*(x 2 ,y2 )
X Ir 2(x 2 - , Y2 - y)12dx2 dy2

= (U2 U2*) 1 212,

where ® denotes the correlation operation. By taking the
complex conjugate of Eq. (2), we have

I*(-x, y) = (U2*U2)®IP1rd2;

thus

VI = 1*1I*(-x, -y)

= PIU U2 P*11r2l2 j]*

= *1 2*u2 15,l r2J2),

where 1 denotes the Fourier-transform operation, i.e.,

(3)

(4)

9{IJ(fx f) = fi I(x, y)exp(-j2wfxx - j2-zrfyy)dxdy, (5)

with f and fy denoting the spatial frequencies. Since the
fields U1and U2 are in the front and back focal plane of lens
2, respectively, an exact Fourier-transform relation holds
between these two fields.8 We have, with an inessential
constant and a phase factor left out,
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Fig. 1. One-pupil optical scanner.

U2(X2,Y2) = YIUd (42, ; fh)

= fJJU(xy[)exp- 2r (XlX2 + YY2)]dxidyi, (6)
where ?X is the optical wavelength.

The OTF of the scanning system can be defined as

OTF(fx, fy) = 5wIm/Vl r2 12 1

= 5'*IU 2*U2 1} (7

In terms of the pupil field U and using Eq. (6), Eq. (7) be.
comes

OTF =9*U2*U21

= [ U2 *(x2,y2)U2 (x2 ,y2 )
X exp(-j2 7f&x2 - j2 7rfy 2)dx 2dy2]*

= ['ffffff Ui*(xi,y)

X exp [i 27 - (xlx 2 +YlY 2) U(xi',Yi')

X exp[-j Off (xl'x 2 + Yl'Y2)

X exp(j27rfxx 2 - j27rfyY2 )

X dxldyldxl'dyl'dx 2 dY2 ]*

[ J3f3 Ui*(x,Y)Ui(xi'yl)

X 6 2rf x - 2fx - >2r xI')

X 6r y- 27y -; 27r yl'dxldyldxl'dyl']~fY4 i -Xf2 I 
[r U*(x 1,y1)U1(x - f2f.,y - f2fy)dxidy1]*

= Si Ui(xi, yl)U*(x - f2f, ,y - f2fy)dxidyl

= U1 U, (8)

where in this derivation we have left out inessential factors.
We see that the OTF of the system is simply the autocor-

relation of the pupil function of the scanning field. The
right-hand side of Eq. (7) is the Fourier transform of the
scanning beam U2U2*, and the left-hand side is the filter
function. As we are Fourier transforming the beam profile
to obtain the filter function, a coarse (i.e., broad) beam will
result in a narrow band i the spatial-frequency domain. This
is the reason why we cannot resolve high spatial frequencies
with a coarse beam. Equation (8) is of course well known; we

present it here only to establish the context for the acousto-
optic scanning system to be discussed later.

B. Equivalence between the Scanning System and the
Incoherent Imaging System
For coherent systems, we may find the complex field in the
image plane U (xi, yi) by convolving the field in the object
plane Uo(xo, yo) with the system impulse response h(xi, yi;
x0, yo) (or the coherent spread function). For a spatially in-
variant system, we have

Ui(xi, yi) = Si' Uo(xo, yo)h(xi - xo, y - yo)dxodyo
= Uo h, (9)

where h is the amplitude at image coordinates (xi, yi) in re-
sponse to a point-source object at (xo, yo) and * denotes the
convolution operation. The image intensity distribution is
then obtained by

Ii(xi, yi) = (Ui (xi, ,i; t)Ui*(xi, yi; t)), (10)

where the angle bracket indicates a time average.
Fourier transforming Eq. (9), we have

9/Ui = U0)}1hJ. (11)

The coherent transfer function of the imaging system is de-
fined on the basis of amplitudes:

H (f., f) =-~1 I)
Wf{Uoj

(12)

However,

h = VI)PJ (13)

under the ideal condition (i.e., when the system is properly
focused), so that combining Eq. (12) with the definition of H
gives

H(f,fy) = V1h) = WJYVPJJ = P(fffy). (14)

Strictly speaking, the coherent transfer function is the pupil
function of the system in a reflected frame of reference that
is due to the double Fourier-transform operation in Eq. (14).
The coherent transfer function H(fx, f) characterizes the
performance of the coherent imaging system as it specifies the
passband of the spatial frequency.

In the case of an incoherent imaging system, the image in-
tensity distribution is

Ii(xi, yi) = i' Io(xo, yo)Ih(xi - xo, y - yo)l2dxodyo, (15)

where hi2 is the intensity spread function (PSF).9 Expressing
the relationship in the frequency domain, we have

5Ii}I = 511111I h121. (16)

The OTF of the incoherent imaging system is defined on the
basis of intensities:

OTF = ViI
YIIo

= 1i1h1 21, (17)

In terms of the pupil function P we have, using Eqs. (13) and
(14) in Eq. (17),

= 91h).



Vol. 2, No. 4/April 1985/J. Opt. Soc. Am. A 523

OTF = P® P. (18)

Hence, for incoherent imaging systems, the OTF is simply the

autocorrelation of the pupil function of the system. By
comparing Eqs. (8) and (18), the equivalence between the
scanning system and the incoherent system is established.
Again, we claim no novelty in deriving this equivalence. Its

derivation does, however, facilitate the explanations to
follow.

C. Two-Pupil Synthesis
As we have seen from Eq. (15), the impulse response (PSF)
of an incoherent optical system is a real and nonnegative
function that imposes restrictions on both the magnitude and
the phase of the OTF. Consequently, it limits the range of
processing. For instance, suppose that we want to process a
picture to obtain contrast enhancement in order that fine
detail may be seen better. In that case, we could never create

a filter to block off the dc background by autocorrelating the
pupil function, because the autocorrelation of any function
exhibits a central maximum. Another example is the de-
coding of information recorded on a spatial carrier on the
transparency. For this, we have to use a bandpass filter to
separate the carrier and its sidebands from the rest of the
spectrum. One-pupil synthesis clearly cannot perform this
task. In fact, many processing operations require a PSF's that

are bipolar.2"10 In order to overcome the limitation of a pos-
itive PSF, the so-called two-pupil synthesis method has been
introduced.2 3 There are basically two kinds of syntheses
possible: nonpupil interaction synthesis and pupil interaction
synthesis. 2

In the nonpupil interaction synthesis, we may obtain a bi-
polar PSF or eliminate the central maximum by subtracting
the PSF's of two different filter functions OTF, and OTF2 :

OTFtot = 5/lh 112 - 1h21
2

1

= OTF, - OTF2

= U1QU1- VQVI, (19)

where U, and V, are the different pupil functions. Because
we cannot subtract intensities directly, this method requires
special techniques. 9 "'1-13

In the pupil interaction synthesis, we add U, to V, in order
to produce an effective pupil function, which is given by

Ueff = UI + V1. (20)

The PSF is given by [refer to Eq. (13)]

PSF = |IV{Ueff)12

=I U2 + V21
2

= I U2 12 + I V212 + U2 V2 * + U2 *V2 ,

respectively. Interaction of the pupils actually occurs in this
sense. The autocorrelation terms are considered as bias. To
retrieve the bipolar information, it is necessary to separate the
signal from the bias by a subtraction operation, unless carrier
methods are used.

D. Implementation of Two-Pupil Synthesis with a
Mach-Zehnder Interferometer
The system of Fig. 2 is called the Mach-Zehnder configura-
tion2"0' 1 4 and serves conveniently to illustrate both classes of

synthesis methods. The configuration is basically the one
illustrated in Fig. 1 (one-pupil synthesis). The only difference
is the use of two paths instead of one. If one path is blocked
off, the system behaves as a normal one-pupil system. For
an ideal geometry, the optical path lengths should be the same.
Two partially silvered mirrors P, and P2 split the incoming
beam into Ul' and VI', which are modified by beam-shaping
transparencies r and r, to create U, and VI, respectively.
Lens L2 Fourier transforms U1, V, into U2, V2 in its back focal

plane. The effective pupil function U2 + V2 scans out the
transparency I'2 in plane 2, and the OTF of the system is
characterized by Eq. (22).

However, in order to attain nonpupil interaction synthesis,
r 2 is scanned alternately by U, and V,. The outputs pro-
duced by the two filter functions U, ( U, and V, 0 V, are
then subtracted, for instance, by using an electronic storage
device.3

In order to use the pupil interaction method, we must sep-
arate the cross-correlation terms in Eq. (22) from the other
correlation terms. Besides the methods of subtraction, 9"12"13

there are two other ways to separate the cross-correlation
components and the correlation components, namely, the use
of a spatial-frequency offset5 (or a spatial-carrier method) or
a temporal-frequency offset10" 4 (or a temporal-carrier
method).

Spatial-frequency offsetting can be obtained by introducing
a wedge prism in one arm. The wedge prism simply deflects
one of the wave fronts, for example V2, so that V2 is tilted at
an angle with respect to plane 2 while U2 remains undeflected.
Because of the angular offset, interference fringes now occur
in plane 2. The spacing of the fringes is the period of the
spatial-carrier offset. By electronically scanning the trans-
parency r 2 in plane 2, we can convert spatial frequencies into
temporal frequencies. The desired carrier sidebands can then
be separated and processed by conventional electronic
means.

In the temporal-frequency offset, a time-varying phase el-
ement, such as a constant-velocity mirror or a sinusoidal vi-

(21)

where U2 = V/U,) and V2 = giVl.

The corresponding OTF of the system is given by [see Eq.
(17)]

OTF = Y{PSF)

= VI1 U 21
2 ) + '11 V21

2) + JU 2V2*1 + W1U2*V2 1

=UOU,+ViV+U®V+VO U. (22)

The last two terms of Eq. (22), which contain the bipolar in-
formation, are the cross correlations of U, and V,, V, and U1,

I

vjV l7,'
.--- Ic

I V

Fig. 2. Mach-Zehnder configuration.
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bration of the mirror, 6"14 is introduced in one of the arms in
the Mach-Zehnder arrangement.

3. TWO-PUPIL SYNTHESIS BY ACOUSTO-
OPTICS

A simple pupil interaction processing technique exists in
which both spatial- and temporal-frequency offsets are
brought about by acousto-optic Bragg diffraction7 without
complicated geometrical configurations or moving mirrors.
An idealized version of the system is shown in Fig. 3.

A He-Ne laser L directs a collimated beam of light onto a
Bragg diffraction sound cell S,' 5 which is basically a device
that creates two identical light beams, differing in frequency
by Av and in direction of propagation by a (X/V 8)Av V8
being the velocity of sound. Lens Ll forms, in its back focal
plane, the Fourier transforms Ul', V,' of the field U0, V de-
scribing the two beams in S. A beam-shaping transparency
rl acts on U', V' to create U, V, after which a second lens
L2 forms Fourier transforms U2, V2 in its back focal plane.
The total field U2 + V2 is used to scan out a transparency
r 2 (x, y). In contrast to the case of a one-pupil optical scanner,
in which a direct current is delivered at the photodiode output,
photodiode PD now delivers a rf heterodyne current at the
beat frequency A of the two fields U2 and V2. The current
is given by

i (x, y, t) |U 2 (x 2 Y2 )exp(-i 2 7rvt

+ V2(x2, Y2 )exP(i 2 )

X 2 (x + x2, y + Y2)l dx 2dy 2, (23)

where the two scanning fields in the x2y2 plane are given by

U2(x 2, Y2)exp(-i 2rAVt V2(X2 2Y2)exp(+I A)

and where the optical convention for the phasor A =
Al exp(-fj0),

JAjcos(27rvt + ) = Re[A exp(-j2rvt)],
is adopted.

The time-varying part of Eq. (23) is

(xy, t) = ff [U2(x2 , Y2)V2*(x2 , y2)exp(-j27rAvt)
+ V2(x2, y2)U 2*(x 2, Y2 )exp(J27rAvt)]
x Ir 2(x + X2, Y + Y2)|2dx 2dy 2

= Re[ Sf U2(x 2,Y 2)V 2*(x 2,Y 2)
x jr 2( + X2, y + Y2)J2dx2dY2
X exp(-j27rAvt)]

with an inessential constant left out.
In terms of a phasor I(x, y), such that

ir(x, y, t) = Re[I(x, y)exp(j27rAvt)],

we find, from Eq. (24), that

I(x, y) = ff U2(x 2, 2)V 2*(x2 , Y2)

x r 2( + X2, Y + Y2)| 2 dx2dy 2.

The phase and the amplitude of the photodiode current, as

xo0 yo xi, yj X2 , Y2

Fig. 3. Idealized acousto-optic heterodyning image processor.

a function of x and y, constitute the scanned and processed
version of the transparency 2 (x, y). From the analysis of
one-pupil synthesis [i.e., from Eqs. (1)-(8)], we can immedi-
ately write down the OTF of the two-pupil systems:

OTF = 5Iv(x, y)/wil r22 ),

or, equivalently,

OTF = 5*IU2*V21

= U V,,

(26)

(27)

by which is meant

OTF(fxfy) = SS Ul(x,,yl)
X V* (xi - Xf2fx,yl - Xf2fy)dxidyl. (28)

At this point, it is clear that the system is incoherent in the
sense that its operation is described by the same formalism
as that used for incoherent pupil interaction methods [see Eq.
(22)], even though the system uses coherent light and its
output (a heterodyne current) is characterized by amplitude
and phase, which is generally characteristic of coherent sys-
tems.

It has been demonstrated 7 that the acousto-optical tech-
nique is relatively easy to implement and leads to the desired
result of more general OTF synthesis. Specifically, a band-
pass response has been generated through the practical im-
plementation of the idealized version (Fig. 3). However, the
resulting OTF is essentially one dimensional.

4. OPTICAL TRANSFER FUNCTION
SYNTHESIS IN DEFOCUSED CASE
In this section, we show that more interesting OTF's can be
obtained by drastically modifying U relative to V. In this
context, a chirp-type impulse response in an out-of-focus
plane near plane 2 is derived.

A. Derivation of the Optical Transfer Function
(24) Refer to Fig. 3. 2 is now placed in an out-of-focus plane,

plane 2', near plane 2. We shall derive an expression of the
OTF in this case. Following the procedures employed to
derive the OTF in Section 3, we have

OTF(f.,fy) = 5{I(xy)}/5rj r2J2}

= V/*1U2
1*(x21 Y2')V 2 '(X2 , Y2')1, (29)

where U2' and V2' are obtained through the Fresnel diffrac-
tion of U2 and V2, respectively, and U2 and V2 are related to
Ul and V, respectively, through the action of the lens L2.

The explicit relations are given as follows:

(25)
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U2(X2,Y2) = exp jkf 2) 'Ui(xi, y,)

X exp X[f (xlx 2 + YlY2)J dxidyi,

U2'(X2', Y2') = p (jk) ~ex~p 2z (x 2 '2 +Y2
2

)]

X 33 U2 (x 2 , Y2)exp[Ij (x22 + Y22)J

X expF-i (x 2 x2 ' + Y2Y2')] dx 2 dy 2 ,

where k = 2ir)X.
Substituting Eq. (30) into Eq. (31), we have

(30)

(31)

U2'(x 2 ', Y2) = {-exp(Jkf2 )exp(Jkz)

X exp[j 2 (X2'2 + Y2'2)j/X2f2ZJ 1 fJf Ui(xi, yi)

X exp[-j f2 (x1X 2 + YlY2)JexP[i k (x2
2 + Y22)I

X exp[-j - (x 2 x2 ' + y2y2')Jdxldyidx 2 dY2. (32)

The expression for V2'(x2', Y2') can be found identically, with
U2' and U, replaced by V2' and V1, respectively, in the above
expression.

Using the expressions of U2' [as shown in Eq. (32)] and V2',

it may be shown [see Appendix A] that

OTF (f, fy) = exp Uj7r Xz (fX 2 + fy 2)]

X if U (x ,y)V1*(x, - Xf2fx, Y - Xf2fy)

X expf -i (xifX + YIfy)]dxidyi. (33)

Equation (33) is the OTF for the defocused system, where r2

is placed in plane 2'. As a check, Eq. (28) is readily recovered
by putting z = 0 into Eq. (33).

B. Application: Scanning Holography
It has been pointed out7 that there exists a possibility of
creating a chirp-type impulse response in an out-of-focus
plane near plane 2 (see Fig. 3) by making V1 a delta function
and U, a plane-wave function. The situation is further il-
lustrated and explained in Fig. 4. U and V, are first made
to be plane waves by narrowing the incoming beam in the front
focal plane of lens L1 (see Fig. 3). Intercepting Vi in plane
1 by a narrow slit will result in a delta function. The over-
lapping of two beams creates a chirp-type fringe pattern along
plane 2'. The fringe wavelength is increasing from point A
to point B because the two wave fronts intercept at a larger
angle at point A than at point B (i.e., aA > aB).

If we let Ui(xi, y,) = 5(xi, y,) and V1 (xi, yi) = 1, where we
assume the delta function to be located at the center of the
xly, plane, we obtain, using Eq. (33),

OTF (f, fy) = expLU7rXz (fx2 + fy 2)]. (34)

By using the above expression for the OTF, the impulse re-
sponse function I(x, y; z) may be expressed as

plane I plane 2 plane 2'

Fig. 4. Interference pattern in out-of-focus plane 2', created by line
source and plane wave.

I(x, y; z) = W -11OTF) = PL1 ] exp-i!A (X2 + Y2)]X

(35)

which is obviously a chirp-type impulse response. In fact, by
moving a slit along plane 2' and measuring I(x, y; z), we should
be able to observe this. By investigating the chirp rate, we
can deduce how far plane 2' is out of focus from plane 2. This
scanning system is thus able to encode position (x, y coordi-
nate) and depth of focus (z coordinate), and thus it carries
obvious implication to holographic recording. In this context,
the notion of scanning holography becomes clear in that we
scan the transparency located along plane 2' with a combi-
nation of two light frequencies (Ul and V,). The heterodyned
rf signal is detected by a photodiode. In order to extract both
the amplitude and the phase of the diode current, the rf signal
is further coherently detected. The final demodulated signal
may then be fed in to modulate the intensity of the electron
beam. If this modulated cathode-ray display is imaged on a
strip of photographic film, then the successive scans will be
recorded side by side, thereby producing a two-dimensional
(2-D) recording. This 2-D recording of the transmitted sig-
nals is effectively a hologram, recorded in a manner somewhat
reminiscent of side-looking radar. Scanning here is equiva-
lent to the motion of the radar platform. However, whereas
in side-looking radar the reference signal is generated elec-
tronically on board, here it is provided by the plane-wave
beam, i.e., provided locally at the scatterer, the only practical
way in optics at visible wavelengths.

Finally, as a check, for z = 0, Eq. (35) becomes

I(x, y; z) = lim I(x, y; z)

= (x,y),

which is consistent with physical intuition, since the over-
lapping of two beams occurs only at one point in plane 2.

5. SUMMARY AND OTHER IMPLICATIONS
OF THE ACOUSTO-OPTIC TECHNIQUES

To establish the context of the new technique, we have re-
viewed the equivalence between scanning systems and the
incoherent imaging systems in general. A technique for
two-pupil synthesis by means of acousto-optics has been an-
alyzed, emphasizing the similarities in the mathematical
treatment. Finally, OTF synthesis in the defocused case has
been carried out, and its applications to scanning holography
have been discussed.

By utilizing the practical implementation of the existing
processor operated in the rf domain (Fig. 3), a bandpass filter

Ting-Chung Poon
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was synthesized earlier. However, the resulting OTF was
essentially one dimensional because of the actual experimental
setup, in which the optical configuration was confined to one
dimension, i.e., a cylinder lens was used to tailor the beam to
fit and focus into the sound cell. In the above situation, cross
correlation of two separated one-dimensional coplanar fields
resulted effectively in a one-dimensional response. In order
to realize true 2-D image processing, we point out the possi-
bility of synthesizing a 2-D bandpass filter by modifying the
existing processor. For a radially symmetric filter, this can
be achieved by concentrically aligning radially symmetric
fields U, and V such that they overlap in plane 1. Cross
correlation of the two overlapping fields will then result in a
true 2-D response. (Although, in general, cross correlation
of two separated 2-D coplanar fields may also result in a 2-D
response, we could never synthesize a direction-independent
filter.) Two-dimensional responses have been reported re-
cently 5"16"17; however, a simpler system using processing in the
rf domain is not available to date.

APPENDIX A: DERIVATION OF

EQUATION (34)

From Eq. (29), we have

OTF(f, f) = [f U '*(X 2', Y2') V2'(X2', Y2')
X exp[-j2vr(fVx2 ' + fyy 2 )]dx2'dy 2 ]* (Al)

When we substitute Eq. (32) and a similar expression for
V2'(x2', Y2') into the above expression, its explicit form is

OTF(fX, fy) = 2 f 2 X U1 * (x1, Y,)

X exp[j Xf2 (xIx 2 + Y1Y2)J dxldy,

X exp[-i 2 (x2
2 + Y2 2)jexp [j (x2x2' + Y2Y2')JdX2dY2

X [J'4 V,(£1, 91)exp -j -7 (li2 + y1Y2)j
Xf2

dld~l exp[I 2 ( +

X expf- - (£2x2' + 92Y2') d 2d92j

X exp -j2 7rf 2' - 27rfyY2'Jdx 2'dY 2' I (A2)

where fSn represents an n-fold integration, n being a positive
integer. In this case, n = 2 represents the Fourier transform
in two dimensions, and n = 4 represents the effect of diffrac-
tion.

We first evaluate the integral over X2' and Y2' in the above
expression; we have

2 exp~i - (x2x2' + Y2Y2')exp[-i (x2x2' + 2Y2')J

X exp [-j241rf.x 2' - j2 7rfyy2']dx 2'dy 2'

(27)6 k k _ k k(27r)26( x2-X2-2rfx, -Y2 -92- 27rfy)
z z ~z z

)2 (x-- 2rz 27rz 2 (2~ )2 )(X2 -2 - kfxY2 - h-.---fy) (A3)

Substituting Eq. (A3) into Eq. (A2) and using the property
of a 6 function [i.e., replacing x2 by x2 + (2 rz/k)fx and Y2 by
Y2 + (27rz/k)fx in Eq. (A2)], we have

fJ(12 f 6U*X~lOTF (fx, y) (ITf wUl(l l

X exp 27r Xlr2 + X1 A f. + Y,92 + Y1 2' fy)]d142

X exp1 2-I 2
2 + (2 fXi) + 22 2 f +922

1 2z kJ k

( (z f)2+ 292 fy]}V1(x,, 9V )

x [-j2 1( -, 2 + 9 l92)

X dxld9l exf 2 (x2
2 +9 2 2)jd 2 d92). (A4)

Because of the phase cancellation in x2
2 and 922, Eq. (A4)

becomes, after the complex-conjugate operation,

OTF(fx,/fy) = j\2 exPij2 z[ k )

+ (2rz fy)2 I Jf 6UI(xI, y)expt fj

X |XX2 + k (x1fX + Ylfy) + Y92J} dxldy 1

X expU27r£A2& + j27r9 2 fy] V,*(x,, 91)

X exp[ - (x1x2 + 9192)] dd 2d92. (A5)

Now for the x2 and 92 integration, we have

2exp A-j 2j- (X14 2 + Y192)I expU27r2f + 2w9J2&]

X exp[i 2fr (li2 + 192) d 2 d92

= (Xf2)2 (-x + - f2&x, y, + 91 + f2fY).

Substituting the above result into Eq. (A5) leads us to the
final form of Eq. (33):

OTF(fX, y) = exprXz(fX 2 + fy2)]

X f U(x , y)V*(x - Xf2f, Y -Xf2fy)

X exp -j -i (xifx +ylfy) dxldyl.
f2
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