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ABSTRACT

The power requirements imposed on a active vibration isolation system are quite important to the overall
system design. In order to improve the efficiency of an active isolation system we analyze different feedback
control strategies which will provide an electrical energy regeneration. In this case, the power is flowing from
the mechanical disturbance through the electromechanical actuator and its switching drive into the electrical
storage device (batteries or capacitors). We demonstrate that regeneration occurs when controlling one or both
of the flow states (velocity and current). This regenerative control strategy also affects the closed loop dynamics.
The regenerative control applied to a voice-coil actuator results in a closed loop system which has a reduced
amount of damping compared to the initial system. In fact the regenerative control strategy will increase the
level of vibration in order to make the system absorb more energy, of which a part is transfered to an electrical
storage device.
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1. INTRODUCTION

Active material systems typically require a power source to operate. One method of powering an active system
is to use batteries as the external power source, which must be either charged before use or may have the
ability to recharge completely or partially during their operation. This is the case of electrically propelled
vehicles which have the ability to feed the kinetic energy occuring during braking back into the batteries by
using regenerative braking concept. As a result, some part of the external energy to the system was absorbed
which improved the overall efficiency of the device and its autonomy. In order to be able to recover the kinetic
energy on a active vibration isolation system it is important to understand the influence of the existing feedback
control on the power flow through the electromechanical actuator. An important number of studies on active
and combined active and passive (hybrid) vibration suppression systems have shown a good performance. One
of the limitating parameters of the ative vibration control is the input energy required by the control effort
source.

In this paper we show that the power flow in an electromechanical system can be controlled by a feedback
control law. By optimal tuning of the control parameters, the electromechanical system can be driven into a
recharging phase. The energy of the mechanical source is then transfered to the electrical side which may have
the ability to store (regenerate) this energy. The ability of energy storage is only possible if a bi-directional
switching amplifier is used to drive the electromechanical actuator.

The analysis of power flow through the electrical amplifier driving electromechanical actuator has been
discussed by Warkentin,1 Leo,2 and Lindner and Zvonar.3 Warkentin shows that actively damping the
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Table 1: Some effort and flow quantities
Domain Effort, e(t) Flow, f(t)
Mechanical translation Force component, F (t) Velocity component, v(t)
Mechanical rotation Torque component, τ(t) Angular velocity, ω(t)
Electrical circuit Voltage, v(t) Current, i(t)
Hydraulic systems Pressure, P (t) Volume flow rate, q(t)

structure with a controlled piezoelectric actuator causes, in some cases, the mechanical power injected into the
structure by the external disturbance source to be absorbed by the structure and funneled to the electrical
source. Similar results were presented by Chandrasekaran and Lindner4 that show that the electrical power at
the actuator terminals has a negative real component, which indicate that the actuator feeds electrical power
back to the source. Recent work by Lindner, Vujic and Leo5 has demonstrated that the choice of a feedback
control law in a vibration suppression problem using linear amplifier as control source has an impact on the
power dissipation requirements.

It is well known that the dynamics of a mechanical system can be changed to a desired closed loop frequency
and closed loop damping by the way of feedback control. A few well-known algorithms exist in order to achieve
this desired closed loop frequency such as algorithms based on the pole placement technique. Usually this
technique leads to a required control effort which is provided by the control source. Traditionally in control
problems the design parameters are peak amplitudes and settling time of the control effort. In our case we are
interested in the opposite problem, we want to tune the control parameters such that a control source see the
energy flowing back (recharging phase) instead of delivering it through the control effort (discharging phase).

In the following section we define the power absorption in a single input system. Then, we consider a single-
degree-of-freedom active vibration isolation problem driven by a voice-coil actuator. A normalized state-space
model for this particular system with electrical output variables is derived. This enables the derivation of an
analytical electrical power expression in a closed loop system. Four different regenerative control strategies are
then analyzed.

2. POWER ABSORPTION IN A SINGLE INPUT SYSTEM

In this section the basic modeling tools for analyzing power absorption are described. From an analysis stand-
point, systems, subsystems and components are defined by a series of nodes (ports) on which the environment
can act. Karnopp and Rosenberg6 normalized the system representation with the use of Bond Graph method.
This graphical modeling technique provides a uniform mechanism for the description of a wide variety of physical
systems. Bond Graph representation highlights the power and energy exchanges between systems and subsys-
tems. In order to represent the power flow the choice of variables to be chosen in the input and output ports of
the system is very important. Karnopp and Rosenberg7 also normalized the port variables to be represented.
The variables for any ports are forced to be identical when two multiports are connected and are called power
variables because the product of two variables considered as function of time is the instantaneous power flowing
between the two ports. The generalized names and notation for the two variables have been defined by as effort
e(t) and flow f(t). Table 1 lists effort and flow quantities for various physical systems.

The instantaneous power, p(t) flowing into or out of a port can be expressed as product of an effort and a
flow variable, and thus in general notation is given by the following expression,

p(t) = e(t)f(t). (1)

In the case when effort and flow are periodic variables in time, it is common to define the average instantaneous
power in time P ,

P =
1

T

Z T

0

e(t)f(t)dt =
1

T

Z T

0

p(t)dt, (2)
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where T represents the period of the effort and flow variables. Depending on a sign of the scalar P a direction
of the power flow can be deduced. It is also important to specify if either generator or load convention is used
to define the port in order to define the flow of power. In generator convention effort and flow are in the same
directions while in load convention the effort and flow are in opposite directions. This ambiguous convention
arises the fact that the scientific community wanted to avoid negative values for power which may introduce
confusion. If the power is a positive scalar then it means that the effort and flow variables are in the same
direction and the power is being delivered in a generator convention and being absorbed in a load convention.
Likewise when the power is an negative scalar that means that the power is being absorbed in the generator
convention and being delivered in load convention.

Assuming that the system is linear and time invariant (LTI) it is convenient to compute the steady state
power in frequency domain by taking the Fourier transform of Equation (2). The expression for steady-state
power in frequency domain P (jω), defined in Rizzoni8 as,

P (jω) =
1

2
Re [e(jω)f∗(jω)] , (3)

where e(jω) is Fourier transform of e(t) and f∗(jω) is the complex conjugate of the Fourier transform of f(t).

2.1. System classification

A dynamic system is a collection of components that change with time in response to environmental inputs
which are external to a system. The analyst has a liberty to define what is called the environment, the dynamic
system and the components. In other words, it is the analyst’s job to break up large systems hierarchically based
on the scope of information desired. Usually, the system lives in an environment, but is assumed dynamically
separable from the environment. A system might be composed of multiple subsystems which as well as a simple
system are composed of fundamental elements called components. In each analysis hierarchies between all this
elements are defined to yield specific information. Nevertheless this hierarchy and the system breakup is never
absolute, what might be a component to one analyst may be a subsystem to another analyst. Components are
traditionally broken into three categories: passive, active and regenerative components.

It is intuitively known that the average power absorption in a passive subsystem is always positive regardless
of the input. A very common example of passive mechanical components are springs, masses and dampers.
Active components are those which require power from an external, dynamically separate source. Systems
composed of only passive elements are called passive systems and those which consist at least of one active
component are called active systems or subsystems.

Regenerative system are more difficult to define. In a regenerative component net power that flows in is
stored rather then dissipated (passively or actively) and stored power is drawn on to create efforts of which
passive components are incapable. A very important characteristic of a regenerative system is that during
operation more energy, on average, flows into the component then flows out. A system or subsystem which
consists of at least one regenerative component is called regenerative system or subsystem. The next section is
an example of a voice-coil actuator in a case of an vibration suppression system. We are interested in forcing a
system to act as an regenerative system by using a full-state feedback control approach.

3. VOICE-COIL ACTUATOR IN A VIBRATION ISOLATION APPLICATION

The active vibration isolation system is composed of a base connected to the payload by the way of voice-coil
actuator and an additional spring in parallel with the actuator (see Figure 1). In the ideal situation as an
external disturbance excites the base, the voice-coil counteracts the disturbance and cancels the disturbance.
This prediction and counteraction of the disturbance is obtained by a feedback control law, where a chosen
parameters (displacement, velocity and coil current) are sensed and fed back through the voltage.
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3.1. Modeling of the electromechanical system

Linear motors based on Lorentz force are well known and have been widely used for many years. In the case
of an ideal voice-coil motor the force is linearly proportional to applied current over a wide frequency range.
Usually a voice-coil is composed of permanent magnet(stator) and a coil(translator) that is suspended in a
constant magnetic field B. The coil slides inside the stator when a variable electric field is applied through its
wires. Conversely when an external force is moving the coil inside the stator a electrical current is generated in
the coil. The Lorentz force relation is represented by the cross product

~Fvc = ~IL× ~B = BLIcos(θ), (4)

where B represents magnetic flux density, L the length of the conductor, I conductor current and θ is the
angle between the direction of magnetic flux and conductor current. For the general case, the voice-coil linear
actuators are designed such that θ is equal to 90 degrees. This relationship described in Equation (4) is a
simplest view of the phenomenon. In reality, the force constant(BLI) is dependant upon current and stroke
but in the following we assume an ideal linear behavior. Conversely, forcing the coil to move in the magnetic
field with velocity dx

dt
induces a voltage Vemf (t) in the coil,

Vemf (t) = BL
dx

dt
. (5)

If the structure is assumed to be without damping then the system represented on Figure 1, the equation of
motion can be written as

mẍ = −kx+ kxd + Fvc, (6)

By defining a relative coordinate system xr,

x

dx
k

m

vcF

Figure 1: Vibration isolation system

emfV
L

controlV

R
Coil

Figure 2: Electrical circuit

xr = x− xd, (7)

and combining Equations (7) and (6) we obtain the equation of motion

ẍr = − k
m
xr +

Bl

m
i− ẍd. (8)

Applying the second Kirchoff law on the circuit shown on Figure 2 we obtain the second differential equation

di

dt
= −R

L
i+

V

L
− Bl
L
ẋr. (9)

In order to study the influence of the feedback control on the power flow in this system Equations (8) and (9)
are normalized with non dimensional quantities. This will make the system of Equations (8) and (9) easier to
manipulate. In non dimensional variables, Equation (8) is rewritten as,

ζ 00 = −ζ − φ+ Ωx̃d. (10)
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The disturbance xd is assumed to be harmonic for this analysis. Hence, xd is defined as

xd = Xod x̃d, (11)

where Xod is the amplitude of the harmonic function and kx̃dk = 1. The normalized displacement ζ is then
defined as xr = Xodζ. The disturbance frequency ω is normalized by the mechanical natural frequency defined
as ωn =

p
k/m such that ω = Ωωn. The normalized voltage ṽ and current φ are respectively defined as ṽ =

V
Vn

and φ = Bl
kXod

i with Vn =
kLXodωn

Bl
. Also, a new differential operator d/dτ defined as

d

dt
=

1

ωn

d

dτ
=

1

ωn
( )0. (12)

Substituting the normalized quantities into Equation (9) we obtain the normalized electrical equation

φ0 = −βφ− ψζ 0 + ṽ. (13)

The coupling coefficient ψ appears in this normalized electrical equation as

ψ =
(Bl)2

kL
. (14)

The time constant τel, defined as τel = R/L, and the natural frequency are combined in the new constant β
such that β = 1

τelωn
. The Equations (11) and (13) can be cast in a first order state-space equation

x0 = Ax+B u+ F xd, (15)

where x is a state vector defined as xT = [φ ζ ζ 0]. The normalized voltage and current output are formulated
through two output equations,

φ = Cφx (16)

ṽ = Cṽx, (17)

where A,B,Cṽ,Cφ and F are time invariant coefficient matrices defined as,

A =

 −β 0 −ψ
0 0 1
1 −1 0

 B =
 1
0
0

 F =
 0
0
Ω

 Cφ = £ 1 0 0
¤
Cṽ =

£ −̃g1 −̃g2 −̃g3
¤
. (18)

Assuming full state feedback control, the closed loop control law is defined as

u = ṽ = −G̃x, (19)

where G̃ = [g̃1 g̃2 g̃3]. Then, the normalized voltage and current transfer functions can be computed by the
following matrix transformations,

ṽ

x̃d
= Cṽ

³
(jΩ)I −A+BG̃

´−1
F (20)

φ

x̃d
= Cφ

³
(jΩ)I −A+BG̃

´−1
F, (21)

where I is the identity matrix.
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3.2. Analytical expression for electrical power in closed loop

Replacing the electrical effort and flow variables in Equation (3) with the corresponding electrical voltage and
current variables we recover the well-known expression for electrical power Pel in frequency domain,

Pel(jω) =
1

2
Re [v(jω)i(jω)∗] . (22)

Replacing the voltage v and current i with their normalized variables, respectively ṽ and φ in Equation (22), we
obtain the relationship between the normalized power P̃el and the normalized voltage and current quantities,

P̃el = Re [ṽφ
∗] . (23)

Normalized electrical power P̃el is related to the electrical power P through,

P̃el =
P

1
2ωnkX

2
od

ψ. (24)

Finally, by substituting the normalized voltage and current by their transfer functions Equations (20) and (21)
we obtain the analytical expression for the normalized power,

P̃el =
Ω4

|∆|2
¡
(a1b1 − a0b2)Ω2 + a0b0

¢
, (25)

where a0, a1, b0, b1 and b2 are functions of the control gains and system parameters and ∆ the determinant of
the 3× 3 matrix defined as

∆(g̃1, g̃2, g̃3,Ω) = det (jΩ−A+BG) . (26)

By computing the roots of the polynomial ∆(jΩ) or by finding the eigenvalues of A − BG we obtain the
stability criteria. The closed loop system will be stable if all the poles (eigenvalues or roots of ∆(jΩ)) are
located in the left hand side of the s-plane.

The obtained analytical expression in Equation (25) is function of the system parameters, normalized fre-
quency Ω and normalized gains g̃1, g̃2 and g̃3. The advantage of deriving an analytical expression of the
normalized electrical power is in performing an optimal analysis of the influence of feedback gains on the power
flow for a given disturbance frequency.

As the analytical expression of the electrical power (Equation 25) is obtained, we can perform a mathematical
analysis of the influence of the feedback gains on the power flow in the voice-coil actuator. The following shows
four different cases where particular settings of control parameters are influencing the power flow between the
mechanical disturbance and the electrical (control) source.

3.2.1. Case 1: g̃2 = g̃3 = 0

In this case only current is fed back and the control law is similar to a “resistive law“. The current flowing in
the coil is sensed and fed back into control voltage through the gain g̃1. We noticed that the stability criteria
is satisfied only for positive g̃1.

P̃el g2=g3=0 = −
ψ2Ω6

|∆|2 g̃1. (27)

The expression of power in Equation (27) shows that the power is always negative for any g̃1 in the stability
region. The negative sign represents regenerative power flow. This means that the power is flowing from the
disturbance source through the voice-coil to its electrical source. As the stability region for this control law is
for g̃1 > 0, applying a resistive control law (g̃2 = g̃3 = 0) will always lead to a regenerative flow. It is also
interesting to examine the existence of a gain which maximizes the regenerative flow. By deriving the Equation
(27) towards g̃1 and solving for g̃1,

dP̃el g̃2=g̃3=0
dg̃1

= 0, (28)
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Figure 3: Regenerative electrical power flow vs g̃1 and g̃2 = g̃3 = 0 for three different values of Ω

we obtain the optimal gain g̃∗1 which maximizes the regenerative power flow in the Case 1. Figure 3 shows
the normalized power and the existence of a minimum (maximin regeneration) for three different normalized
frequencies. This optimum normalized gain g̃∗1 is unique for all normalized frequency Ω. In the physical model
g∗1 is only unique for the case where the mechanical harmonic disturbance is defined in terms of displacement
amplitude. This propriety comes from the relationship between the two gains,

g1
g̃1
=

Bl2

k2X2
odLωn

, (29)

and

Xod =
Ẍod
ω2

=
Ẋod
ω
. (30)

We also notice that the amount of regenerated power increase with the increase of the normalized frequency Ω.

3.2.2. Case 2: g̃3 = 0

In this case the current in the coil and the relative displacement are sensed and fed back through control voltage.
The analytical expression of the electrical power may be written as,

P̃el g3=0 =
Ω4

|∆|2 f(g̃1, g̃2,Ω) (31)

where f is a function also depending on g̃1,g̃2 and Ω. Figure 4 shows the regenerated electrical power for
different combinations of gains g̃1 and g̃2 for a harmonic excitation of the base at Ω = 1.5. We also notice from
this surface plot that the surface representing the regenerated flow exhibits a maximum. In fact, this maximum
corresponds to the maximum from the previous case (Case 1) which means that the optimal regenerative flow
is located in the plane where g̃2 = g̃3 = 0. The projection of the regenerative area on the surface defined by
(g̃2, g̃3) is shown on Figure 5. This regenerative area matches the stability region for the given normalized gains.
Choosing g̃1 and g̃2 inside the area delimited by the parabola, the power will flow from the disturbance source
to electrical source(regenerative flow). In the situation where g̃1 and g̃2 are chosen outside of the parabolic area,
the flow will go from the electrical source to the mechanical system (discharging flow). Also, with the increase
of Ω, the parabolic areas shown on Figure 5 are expanding. The set of curves shown on Figure 6 is cut of Figure
4 for three different values of g̃2. From this plots we notice that if g̃2 6= 0 the nature of the flow is controlled by
the choice of g̃1.
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Figure 4: Regenerated Electrical power vs g̃1 and g̃2 for the case where Ω = 1.5 and g̃3 = 0

-1.5 -1 -0.5 0 0.5 1 1.5
0

500

1000

1500

2000

2500

g∼
2

g∼ 1

Ω=0.8 
Ω=1.2 
Ω=1.5 

P∼
el <0

g∼
3=0   

Figure 5. Regenerative area vs g̃1 and g̃2 for three
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3.2.3. Case 3: g̃1 = 0

In this case the relative displacement and the relative velocity are sensed and fed back through control voltage.
The analytical expression of the electrical power is then,

P̃el g1=0 =
Ω4

|∆|2 f(g̃2, g̃3,Ω), (32)

where f is a function depending on g̃2,g̃3 and Ω. The electromechanical system is then controlled only from
its mechanical part. This is similar to traditional controls problem in structural dynamics, where a 1-DOF
freedom mechanical system has its open loop characteristics (natural frequency and damping) changed in some
required closed loop characteristics. In most of the control problems achieving the closed loop characteristics
require the control source to provide a given effort. The following analysis shows that with the usual feedback
states (displacement and velocity), the power flow in a electromechanical system can be regenerative as well
as in the previous two cases. Figure 7 shows the surface of −P̃el(g̃2, g̃3,Ω = 1.5) representing different values
(magnitudes) and types of electrical power flow for a given harmonic excitation of the base. As in the previous
case the electrical power exhibits a regenerative area. It is also interesting to notice that the optimal (maximal)
regenerative power flow is obtained with a control law defined such that g̃2 = 0 and g̃3 = g̃

∗
3 . This particular

case is similar to the “resistive control“ due to the fact that g̃3 is controlling the equivalent state to current
but in a mechanical system. The projections of regenerative areas on the plane defined by (g̃2, g̃3) are shown
on Figure 8. The regenerative electrical power flow is obtained by choosing g̃2,g̃3 inside the area delimited
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Figure 7: Regenerated Electrical power vs g̃2 and g̃3 for the case where Ω = 1.5 and g̃1 = 0
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by the ellipse. It is easy to notice from Figure 8 that with the increase of frequency Ω the regenerative area
expands. For each driving frequency the optimum regenerative flow is in the center of the elliptic area (g̃2 = 0
and g̃3 = g̃∗3), independently of Ω. This shrinkage of the regenerative domain is also be noticed on Figure 9.
This plot represents a 2-D plot in the plane where g̃2 = 0. As the disturbance frequency ω approaches the
resonant frequency (Ω = 1), the maximum power flow increase and is infinite at the resonant frequency.

3.2.4. Case 4: g̃2 = 0

In this case the current and the velocity are sensed and fed back through control voltage. This control law may
be named as “flow control law“ due to the fact that both electrical and mechanical flow quantities, current and
velocity are tuned respectively with g̃1 and g̃3. The analytical expression of the electrical power is,

P̃el g2=0 =
Ω4

|∆|2 f(g̃1, g̃3,Ω), (33)

where f is a function depending on g̃1,g̃3 and Ω.

From the surface plot shown on Figure 10 we noticed that the surface doesn’t exhibit a maximum regenerative
power flow value but the regenerative flow is constantly increasing with the increase of g̃1 and g̃3. The projection
of the regenerative area (P̃el < 0) on the (g̃1, g̃2) surface shown on Figure 11 also exhibits the infinite regenerative
area. As the driving frequency increase, the regenerative set of values of g̃3 decreases but still expends towards
infinity for the positive values of g̃1. For each value of g̃3 an optimal value of g̃1 exists and is increasing as
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Figure 10: Regenerated Electrical power vs g̃2 and g̃3 for the case where Ω = 1.5 and g̃2 = 0
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Figure 11. Regenerative area vs g̃2 and g̃3 for different
values of Ω and g̃1 = 0
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g̃3 increase. Figure 12 shows a set of curves of P̃el for different values of g̃3. The regenerative electrical flow
increase very slowly with the increase of the two flow gains. That means that in the ideal case, with a infinitely
big flow control gains, any regenerative flow can be obtained if stability criteria is still satisfied. Choosing a flow
control law will allow the actuator to transfer and regenerate as much energy as the disturbance source is able
to provide. In reality this infinite regenerative flow is limited by the actuator and disturbance source physical
limits.

4. CONCLUSION

A voice-coil actuator integrated in an active vibration isolation system with feedback control was modeled and
normalized . The normalized set of non dimensional equations of motions were integrated in a state-space
model with the normalized electrical effort and flow outputs. An analytical non dimensional expression of the
electrical power was obtained and then analyzed in function of the normalized control parameters and non
dimensional frequency. This analysis lead us into four different control strategies that exhibits the power to flow
from disturbance to the electrical source (regenerative flow). In the Case 1, that we also named as “resistive
control“, the power flow is always regenerative for any positive value of g̃1. The maximum flow is obtained by
choosing a control law such that g̃1 = g̃

∗
1 . In the Case 2, we showed that a the regenerative flow exists if the two

control parameters (g̃1 and g̃2) are chosen inside the parabolic area. The flow is maximized for g̃2 = 0, which
bring us back to Case 1. The optimal energy regeneration is obtained again for g̃1 = g̃

∗
1 . Case 3 also exhibits

a regenerative region for its control parameters. This control strategy consists in sensing only “mechanical“
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states. This control law is a well-known structural control strategy and also exhibits a regenerative area for a
given values of (g̃2 and g̃3). The optimum regeneration in Case 2 is when g̃2 = 0 and g̃3 = g̃

∗
3 .

ωj

σ

nω

-open loop poles

-closed loop poles

Figure 13: Open and closed loop poles location for regenerative control

Case 4 exhibits a particularity. The regenerative area exists but the optimum power flow doesn’t. The
regenerative power flow constantly increase with the increase of the two control parameters g̃1 and g̃3.

In a conclusion of these four cases, in order to obtain regenerative control through feedback, at least one
flow variable(current or velocities) has to be sensed and fed back.

It is important to conclude on the effect of regenerative control strategy on the closed loop system dynamics.
Figure 13 is schematic representation of the open and closed loop poles of the voice-coil actuator. In closed loop
the complex conjugate poles are being moved from their open loop location towards the imaginary axis along the
circle of radius ωn. That means that in the closed loop, the damping is decreased and the natural frequency is
the same as in the open loop system. The real pole representing the electrical time constant is shifted on the real
axis of the s-plane towards minus infinity. That means that the electrical system is getting faster in closed loop.
In the overall the close loop system has a tendency to oscillate more and thus absorbs more energy from the
disturbance source. This control strategy is not very compatible with vibration suppression control law which
objective is to reduce the systems oscillation by adding damping to the system in closed loop. Although the
regenerative control increase the level of vibration, a trade off may exist in a way of regenerating the “allowed“
level of vibration using a regenerative control law and suppressing the vibration when they become critical with
active vibration control strategy.
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