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Abstract 
 
 A proof-mass actuator is a linear machine 
which is mounted to a structure for the purpose of 
acting as a linear force actuator to damp out vibrations 
in the structure, brought on by impulsive disturbances. 
Historically, such actuators have been designed under 
the constraints of damping improvement, by phase 
compensation, and the maximization of the actuator's 
linear range of operation.  Issues concerning the 
nonlinear behavior of the actuator, most notably its 
finite stroke length, have been addressed entirely by 
nonlinear control solutions.  Here, it is shown that, at 
the natural frequency of a single-mode structure, the 
nonlinear behavior due to force saturation of the 
machine is highly dependent on the linear system 
design.  A method is proposed whereby the actuator's 
finite stroke length, and correspondingly its operating 
region which does not result in stroke saturation, are 
made constraints of the linear control system design.  
This method leads to a procedure to size a proof-mass 
actuator.  Based on constrained optimization, the 
algorithm weighs the importance of stroke length, 
machine mass, and rated force against the constraints of 
desired damping, linear region size, and operating 
region size.   

 
Introduction 

 
 Extensive research1-17 has been conducted in 
the employment of proof-mass actuators for vibration 
suppression in flexible structures.  These actuators have 
seen a wide variety of applications from space 
structures6,12 to noise reduction in aircraft to civil 
structures.  They are especially attractive because they 
have a favorable force-to-weight ratio.  This aspect of 
proof-mass actuators is particularly appealing for space 
applications where weight must be minimized.  
 One of the main problems with using a proof-
mass actuator (PMA) is managing the proof-mass.  The 

finite travel of the proof-mass, call
imposes restrictions on the use of
stroke length limits the amount of 
the actuator.  If the proof-mass i
stops, we say the proof-mass has 
When an actuator saturates in 
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Usually proof-mass actuators are
actuator will remain in its linear ra
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benefits of these actuators. 
 In this paper we pres
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follows.  First, performance spe
designed system are established.  H
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first is the effective damping 
compensated, linear system.  The s
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saturated system has authority.  
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specifications defined, we next de
cost function for the proof-mass, i
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function.   
 The actuator model in
saturation associated with the drive
stroke length of the actuator.  We 
model of the structure.  We also 
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Because of the nonlinear nature of
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the vibration suppression loops.  In the third section, we 
address, in detail, the system nonlinearities, and 
develop the performance functions which we will use to 
evaluate the closed-loop nonlinear system behavior.  In 
the fourth section, we will discuss the way that the 
proof-mass size influences the performance functions 
for the system, and the optimal proof-mass sizing 
routine is developed.  Finally, the last section draws 
some conclusions. 
 

Design of the Linear System 
 
System Model 
 Figure 1 shows a model for a generic structure, 
including the mounted proof-mass actuator.  The spring 
and damper attached to the structure represent the 
oscillatory nature of the structure, and indicate that the 
structure has a single vibrational mode, a unique natural 
frequency of oscillation, and a single degree of 
freedom, yielding a displacement yst.  The proof mass is 
characterized by its mass, m, and its stroke, d (one half 
its total length) and is excited by an electrical force fpm 
which results in an absolute displacement ypm and a 
displacement yr, relative to the structure.  The goal of 
the design is to develop an actuator control system, and 
also a vibration suppression system, such that the PMA 
will, by accelerating the proof mass, enact forces on the 
structure to minimize its displacement following an 
impulsive disturbance. 
 With the physical variables defined, we now 
consider the model for the behavior of the system, 
shown in Figure 2.  The different components of the 
system are labeled.  The proof mass excitation is 
controlled by actuator loops feeding back the relative 
position, yr, and absolute velocity, ypm, through 
respective gains Kpa and Kva.  These control loops enact 
a force of fpm on the proof mass, which in turn enacts an 
equal and opposite force, -fpm, on the structure.  The 
vibration suppression loop feeds the structure’s 
position, yst, and velocity through respective gains Kps 
and Kvs to the position command signal for the proof 
mass, rpm.   
 The structure is shown as a second-order 
system with natural frequency ωst and damping 
coefficient ζst.  For this study, we will assume that the 
structure damping is ζst = 0.03% so as to exhibit the 
properties of the PMA controller for a very lightly 
damped system.  The natural frequency of the structure 
will be taken to be ωst = 8.164 rad/s.  The parameter b is 
the modal influence coefficient, here equal to 0.024, 
related to the structural dynamics by 
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Figure 1: Single DOF System Model 

 
Actuator Nonlinearities 
 The proof mass actuator is characterized as 
having an input force command vpm and an output  
position ypm.  Separating the command vpm from the 
electromagnetic force fpm is a limiter, representing the 
force saturation of the PMA.  Thus, fpm can be 
expressed symbolically as 

( )max,sat Fvf pmpm =           (2) 
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This limiter ensures that the PMA operates within its 
ratings.   
 The system in Figure 2 represents the 
dynamics of the system accurately under the 
assumption that the proof-mass is not saturated in 
stroke.  However, when stroke saturation does occur, 
the system looks quite different.  The reason for this is 
that the force signal fpm(t) represents the 
electromagnetic force applied to the proof-mass only.  
It does not reflect any mechanical force of the base of 
the PMA on the proof-mass (i.e. friction effects).  In 
stroke saturation, the base of the PMA enacts a sizable 
mechanical force on the proof-mass.  Here, we will not 
consider these dynamics.  Rather, designs will be 
chosen which avoid this condition, due to the damage 
caused to the proof-mass and the high-frequency shocks 
imparted on the structure resulting from the collision of 
the proof-mass with the actuator base.   
 In Figure 2, a command limiter is shown to 
restrict the values of rpm(t) to ±rmax.  Typically, rmax is 
designed to be the stroke length, d, to protect the proof-
mass from large command signals that would otherwise 
result in stroke saturation.  It has a drastic influence on 
which disturbances will result in stroke saturation, and 
its effects will be discussed in great detail in the next 
section. 
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Figure 2: Block Diagram of System 
 
Actuator Design 
 We will assume the actuator to be operating in 
steady-state and examine the maximum force amplitude 
for fpm(t) before stroke saturation.  Here, we will only 
be concerned with the actuator dynamics, and will 
assume the structure to be still, yielding yr(t) = ypm(t).   
 First, we consider the steady-state limitations 
on fpm(t), which is directly limited by the force limiter 
Fmax.  Indirectly, it is also limited by the finite stroke 
length of the proof-mass.  To see this, we note that 
fpm(t) is related to ypm(t) by a transfer function of 1/ms2, 
implying that if we assume ypm(t) to be sinusoidal with 
some amplitude A and frequency ω, the force fpm(t) will 
have an amplitude of mAω2.  Because the amplitude of 
ypm(t) is limited to ±d, fpm(t) should be limited in steady 
state to an amplitude mdω2 to avoid stroke saturation. 
 The result of the force Fmax and the stroke 
saturation limit mdω2 is the net force limit  

),min( 2
maxlim ωmdFF =  (4) 

shown as the force-saturation curve in Figure 3.   
 At high frequencies, the maximum amplitude 
of fpm(t) is limited by Fmax while the finite stroke length 
limits its amplitude at lower frequencies.  Solving for 
the break frequency where these two force limits are 
equal, the saturation break frequency of the proof mass 
actuator is defined as 

 
md

F
b

max=ω             (5) 

  Optimum mass efficiency can be obtained if 
the PMA is designed such that ωb is equal to the 

frequency of operation, ω, under the assumption that 
the proof mass oscillates sinusoidally14.   In the case 
that ω > ωb, the force limit due to the finite stroke 
length exceeds the limit due to Fmax.  Resultantly, a 
smaller mass or stroke length could be used for the 
application to achieve equal results.  In a similar way, 
in the case that ω < ωb, the force limit due to the finite 
stroke length is much less than Fmax, and a PMA with a 
lower force rating could be used to achieve equal 
results.  For impulsive disturbances, where the 
frequency of decay for the system is known to be at, or 
close to the natural frequency of the structure, ωst, the 
most effective design choice is to equate ωb and ωst.  In 
this paper, unless specified otherwise, this equality will 
be assumed.   
 The actuator control loop, comprised of gains 
Kpa and Kva feed back the relative position and absolute 
velocity, respectively, of the PMA for closed loop  
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Figure 3: Force Saturation Curve 
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operation.  For this closed loop, the transfer function 
from rpm to fpm is 

m
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This is a high-pass filter with a corner frequency of 

mK paa =ω              (7) 

Because the transfer function between Fpm(s) and Ypm(s) 
is simply double-integration, Ypm(s)/Rpm(s) will be low-
pass, with an actuator bandwidth of ωa.   
 To use the proof mass actuator to its full 
capacity, the optimal design of the control gains for the 
actuator14 results in a coincidence of ωa and ωb.  This 
determines Kpa from (7).  Kva is chosen to provide a 
damping coefficient of 0.707 for the actuator system.  
Thus, we have the following design methodology for 
the actuator control loops. 

st
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For this study, Kpa and Kva will always be chosen this 
way. 
 
The Vibration Suppression Loops 
 The objective of the vibration suppression 
control loop design is to damp out impulsive structural 
disturbances.  The performance of the linear, closed-
loop system is measured by its ability to meet a 
specified effective damping constraint.  Throughout, we 
will assume that the desired closed-loop damping is 
5%.   
 For the structural parameters given, and for 
proof-mass parameters m and d equal to 3 kg and 0.15 
m, this damping constraint is solved through standard 
root-locus design, and yields a solution for the feedback 
gain set {Kps,Kvs} which is not unique.  Rather, an 
infinite set of solutions exist which satisfy the damping 
specification.  Introducing the notation 

st
vs

ps
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KK

ω
θ

θ
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−=

−=
               (9) 

this set of solutions {K,θ} is illustrated in Figure 4. 
 Typically, the design procedure is to choose 
the design {K,θ} through phase compensation, which 
amounts to choosing that design which results in a 
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Figure 4:  Linear System Design Candidate Solutions 
 

control system root-locus plot with angles of departure 
of 180° for the lightly damped poles, and which yields 
the desired damping coefficient ζ for the compensated 
system. 
 This design technique does not pay attention to 
the behavior of the system when the structural 
disturbance is severe enough to cause the command 
limiters to saturate, which can lead to some problems.  
The most immediate of these is the stroke-saturation of 
the proof-mass.  This problem is somewhat prevented 
by the presence of the command limiter rmax, but in 
some circumstances this solution may not be adequate 
to protect the system from impulsive disturbances of 
realistic severity.  If no measure of performance of the 
saturated system is used to assess the merit of a control 
system, the designer may be forced to consider a 
"worst-case" disturbance scenario when choosing the 
size of the proof-mass necessary for the design, rather 
than being free to consider "typical" conditions for the 
disturbance. 
 As an example of stroke saturation, observe 
the time history in Figure 5 of the relative displacement 
yr(t) of the proof-mass for the system in Figure 1.  The 
structure has been excited with an impulsive force large 
enough to cause both the command and force limiters in 
the system to saturate.  The proof-mass has a stroke d 
equal to 0.15.  The dotted lines at yr values of ±0.15 
correspond to this stroke limit, beyond which yr(t) may 
not go.  Thus, for disturbances which yield large 
amplitudes of oscillation for yr(t), the stroke of the 
proof-mass will saturate.  As this saturation in stroke 
causes damage to the machine, and additionally imparts 
high-frequency shocks into the structure, it is highly 
desirable to find a control solution which suppresses 
stroke saturation for disturbances of reasonable 
severity. 
 What separates the designs in Figure 4 from 
each other is their behavior in the saturated system.  In 
the next section, we will illustrate this by developing 
two measures for the performance of a given design {K, 
θ} in the saturated system.  The first of these measures 
is an indicator of the minimum size disturbance which 
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Figure 5: Stroke Saturation Example 

 
may cause the system to saturate.  The second measure 
is an indicator of the minimum size disturbance which 
may cause the stroke of the proof-mass to saturate.  We 
will further show that there exist a clear trade-off 
between these two measures, which varies significantly 
over the candidate design set in Figure 4.    
 

Characterization of Nonlinear Behavior 
 
 The goal of this section is to develop two 
scalar measures of performance for the closed-loop, 
saturated system.  These performance measures will be 
used to assess the quality of the gains in Figure 4 which 
satisfy the damping constraint for the linear system.  
The first of these measures, RL, will be used to assess 
the minimum size disturbance which could cause the 
system to saturate.  The second measure, RO, measures 
the minimum size disturbance which could cause the 
stroke of the proof-mass to saturate.  Together with the 
damping constraint, these two measures will be used 
later as performance specifications for the closed-loop 
system, and will enable us to choose a single gain from 
the set in Figure 4 which yields optimal performance. 
 
The Linear Region 
 We will first define the state space for the 
system to be 

[ ]Tststpmpm yyyyx =   (10) 

For this study, a disturbance consists, in general, of an 
initial condition in this state space.  We will restrict the 
nature of the initial conditions to a combination of two 
types.  The first type will be that of an impulsive force 
disturbance to the structure.  In this case, the initial 
velocity of the structure will be nonzero, while the 
initial velocity of the proof-mass will be zero.  Both 
yst(0) and ypm(0) will be zero.  The second type will be 
that of an initial displacement.  In this case, ypm(0) will 

equal yst(0), while both initial velocities will be zero.  
Combining these two types to a general initial condition 
restriction, we introduce a two-dimensional initial 
condition space x0 by 
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 Using this space, we can define the linear 
region to be the set of initial conditions x0 for which, 
for t > 0, the free response of the system is non-
saturated.   
 We now claim that the linear region can be 
found to a high level of accuracy in closed form.  
Toward this conclusion, we first consider the transfer 
function from rpm(t) to yr(t).  If we again make the 
assumption that the proof-mass is much lighter than the 
structure, this transfer function can be approximated 
from (6) as  

( )
( ) 22

2

424.1 stst

st
pm
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sssR
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ωω

ω

++
≈        (12) 

At the natural frequency, the gain magnitude is equal to 
0.707.  A similar approximation of the transfer function 
from rpm(t) to fpm(t) also yields a gain magnitude equal 
to 0.707 at the natural frequency. 
 Now suppose rpm(t) is equal to  

( ) ( ) ( )tutdtr stpm φω += sin   (13) 

where u(t) is a unit step.  This signal is on the saturation 
threshold, because in the actuator design, we fixed rmax 
= d.  The resultant steady state signals yr(t) and fpm(t) 
have amplitudes of 0.707d, and 0.707Fmax, both well 
below saturation.  Furthermore, as the damping in the 
actuator is 0.707, it may be assumed that the actuator 



 
American Institute for Aeron

 

6 

control system is not capable of yielding an overshoot 
in the amplitude envelopes of yr(t) and fpm(t) at the 
natural frequency which would result in saturation for 
this rpm(t) signal.   
   Finally, we assume that, in linear operation, 
the closed-loop structural displacement will behave 
approximately by 

( ) ( )φωζω +≈ − teYty st
t

st st cos          (14) 

which will yield a signal for rpm(t) which decays at 
almost precisely the natural frequency ωst.   It follows 
heuristically that if a sustained signal at the natural 
frequency does not yield saturation at any time, then 
neither will one which begins at the same amplitude but 
which slowly and continuously decays. 
 We conclude that any disturbance which 
saturates the force and stroke limit must also saturate 
the command limit.  This implies that the size of the 
linear region can be inferred from the saturation of the 
command limiter alone.  We can therefore define the 
linear region as  







 <ℜ∈=

≥
dtrxLR pm

t
)(max

0
2

0           (15) 

 If the linear region only depends on the 
saturation of the command limiter, then it in turn only 
depends on the initial position and displacement of the 
structure.  Because, in the linear system, the structure 
behaves according to (14), the maximum possible 
amplitude of rpm(t), regardless of φ and θ, is KY.  
Resultantly, we can conservatively express the 
boundary of the linear region by the values of structural 
displacement and velocity which yield a value of Y such 
that KY is equal than d.  We will therefore approximate 
the linear region boundary as the ellipse 
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     (16) 

We will define the value of Y in (14) which yields this 
linear region boundary to be the Linear Region Radius, 
RL for the system with the given gain magnitude K, 
obeying the equation 

K
dRL =                  (17) 

Using this terminology, we can now express the size of 
the linear region for the control system using a single, 
scalar quantity.   
 Consider the choice of the gain set {K,θ} = 
{70,0}.  This design achieves the 5% damping and 
maximizes the linear region.  Figure 6 shows the linear 
regions for this design obtained by simulation and by 
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Figure 6:  Linear Region (dark) and its approximation 

 
the approximation in (16). 
 
The Operating Region 
 Similarly to the Linear Region, we define the 
Operating Region to be the set of all initial conditions 
which, for t > 0, do not result in stroke saturation.  This 
is expressed as 







 <ℜ∈=

≥
dtyxOR r

t
)(max

0
2

0         (18) 

Unlike the Linear Region, it is not possible to 
approximate the Operating Region as an analytic 
function of the system and control parameters.  
However, it is possible to illustrate clear trends and 
behaviors common to all control designs.   
 Included in Table 1 are five designs chosen 
from the design set illustrated in Figure 4.  Each design 
satisfies the required 5% damping constraint for the 
linear system design.  The operating regions for these 
five designs are shown in Figure 7.  From this, we can 
see a clear correlation between the size of the operating 
region and the value of θ.  This phenomenon suggests 
that designs with significant positive velocity feedback 
tend to naturally protect the proof-mass from stroke 
saturation in nonlinear operation, while designs with 
negative or no velocity feedback tend to yield only 
minimal protection.  What we wish to do now is find a 
scalar representation, similar to the Linear Region 
Radius, RL, for the operating region.  To do this, we 
focus on the immediate transient effects which occur 
after the disturbance, during the first oscillatiohn.   
Table 1:  Five Cases for Impulse Response Analysis 
Case Kps Kvs Kvsωst/Kps θ  
1 -70 0 0  0 
2 -75 -3.1 1/3  18.4 
3 -85 -6.9 2/3  33.7 
4 -99 -12.1 1  45 
5 -120 -18.6 4/3  53.1 
autics and Astronautics 
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Figure 7: Operating Regions for Designs in Table 1 

 
 We first will establish some terminology.  
When describing an impulse disturbance to the system, 
we will refer to the "severity" of the disturbance.  As a 
quantitative measure of this, we will use the amplitude 
of yst(t) during the first period of oscillation following 
the disturbance.  The greater this amplitude, the more 
severe the disturbance.  This is useful in that it enables 
us to group together a set of disturbances that are 
"comparably severe," meaning they result in an equal 
amplitude of yst(t) during the first period of oscillation.   
 For a lightly damped system such as this, the 
logarithmic decrement between successive peaks of 
yst(t) as the system decays is not terribly significant 
over a single period of oscillation, especially for the 
heavily saturated case.  Resultantly, if we were to find a 
set Sd of initial conditions x0 which result in comparable 
severity (a peak yst amplitude of Y in (14)), the set 
would be very close to the phase plane of a sinusoid at 
the natural frequency, described by  

( ) ( )
( ) 
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20,
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2
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n

d YxxYS  (19) 

Thus, when two disturbances are said to have 
comparable severity Y, they must both lie in Sd(Y). 
 Immediately following an impulse disturbance 
to the system, the initial conditions in (11) specify that 
yr(0) = 0 for all disturbances.  So the proof-mass will 
start from rest, following all disturbances.  During its 
first period of oscillation, the relative position of the 
proof-mass is very dependent on the behavior of the 
command signal rpm(t).  For instance, if rpm(0) is 
positive, the proof-mass will accelerate and yr(t) will 
tend to become positive.  This is especially true for 
disturbances which result in amplitudes of yst which are 
much smaller than the those of rpm.   
 In Figure 8, the transient behavior of yr(t) 
during the first period of oscillation is shown for three  
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Figure 8: Transient behavior of yr(t) for three different 
designs 

 
initial conditions of a comparable severity of 0.02.  For 
these simulations, Case 1 from Table 1 was used.  The 
first initial condition results in a negative value of 
rpm(0), and the second a positive value.  The third initial 
condition results in an rpm(t) signal which is changing 
polarities at t = 0, making rpm(0) = 0.  Note the contrast 
in the behavior of yr(t) for these three examples during 
the first period.  In the first example, the negative value 
of rpm(0) results in a decelerative force to the proof-
mass, making yr(t) become negative.  As rpm(t) 
undergoes subsequent polarity changes, the yr(t) signal 
soon adjusts to a fairly steady signal with negative and 
positive peaks of equal magnitude.  In the second 
example, a similar transient phenomenon occurs, but 
this time in reverse polarity. 
 In the third example, with rpm(0) = 0, we see 
that the stroke saturates during the first half-period of 
oscillation following the disturbance.  The reason for 
this is that the signal rpm(t) is positive for half a period 
of oscillation following the disturbance before changing 
polarities; the maximum time possible.  With yr(t) 
starting from rest for all initial conditions, this means 
that for disturbances of comparable severity where yst(t) 
is less significant than rpm(t), the case of rpm(0) = 0 
results in the largest first peak of yr following the 
disturbance. 
 This is an important observation because it 
will help us to assess and compare the effectiveness of 
the operating regions in Figure 7 in a more convenient 
and informative way than by calculating their areas.  
Instead, we now propose a new measurement of the 
quality of an operating region.  First, we define the 
Operating Region Radius, Ro, to be the maximum 
disturbance severity Y such that the entire set Sd(Y) lies 
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within the operating region for the system.  Said 
mathematically, this is 

( ){ }ORYSYR d
Y

o ∈= max   (20) 

To find Ro, we note our conclusion that for disturbances 
of equal severity, an initial condition yielding rpm(0) = 0 
is most likely to saturate.  Thus, we need to relate this 
condition to the initial condition space x0.  To do this, 
we note that 

( ) 0000 yKyKr vspspm −=⇒=          (21) 

If this is true, then, noting that tan(θ) = ωstKvs/Kps, we 
arrive at the linear relationship 

( ) 





−=⇒=

st
pm yyr

ω
θtan00 00          (22) 

This reduces the search for the operating range radius to 
a one-dimensional problem.  We need only simulate 
transient responses for initial conditions satisfying the 
condition above, increasing the severity Y of the 
disturbance until we obtain stroke saturation.  This 
severity Y becomes Ro. 
 To verify the conclusion given in (20) and 
(22), Figure 9 shows again the five operating regions 
for Cases 1 through 5 in table 1, originally plotted in 
Figure 16.  Here, the axes are initial displacement vs. 
initial velocity multiplied by the natural frequency.  In 
the plot, the operating regions are the lighter curves, 
and the dark curves show θ.  Also shown in the plot is 
the linear equation given in (22) for the operating 
region radius.  Notice that in every case, the angle for θ 
intersects the operating region only at two points of 
minimum radii, and that these intersections occur at 
precisely the initial conditions described in (22).   
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Figure 9:  Operating Regions for five cases with RO 

labeled 
 

 From this evidence as well as the previous 
analysis, we can replace the expression for Ro given in 
(20) by a more computationally-efficient quantity, 













∈







−

= ORYR
stY

o θω cot
1

max           (23) 

With the quantity Ro now well defined, we propose an 
approximation of the operating region as Sd(Ro).  This 
approximation will by its nature be a conservative 
estimate, and will reduce the operating region to a 
scalar quantity.   
 
 

Design and Optimal Sizing Procedures 
 
 In the last two sections, we introduced the two 
scalar quantities RL and RO as indicators of the linear 
and operating regions for the system.  Together, they 
reflect much information about the behavior of the 
nonlinear system.  We now will show how to include 
them as design specifications for the vibration 
suppression loops.  Revising our design goals, we now 
require that the design {K, θ} meet three specifications; 
ζ, RL, and RO.  In this section, we will discuss the way 
these three properties relate to each other, and how they 
relate to the size (signified by mass and stroke) of the 
proof-mass.  We will then use these relations to show a 
way to find the minimum stroke for a given mass m, 
which meets the specifications of ζ, RL, and RO.    
 
The RL and RO Trade-Off 
 In Figure 9 we showed that an increase in θ is 
accompanied by a significant increase in RO, assuming 
fixed damping ζ, mass m, and stroke d.  It is also clear 
from Figure 4 that if we fix ζ, an increase in θ is, for 
positive values, accompanied by an increase in K.  
Furthermore, equation (17) shows an inverse 
relationship between K and RL.  From this, we can 
conclude transitively that RL decreases with increasing, 
positive values of θ.   
 Thus, we are faced with a design trade-off.  
For designs which meet the linear system design 
damping constraint ζ, and for specified m and d values, 
a larger operating region inherently indicates a smaller 
linear region, and vice versa.  For the m, d, and ζ 
parameters used thus far, this relationship is illustrated 
in Figure 10 
 We now wish to see how an increase in d, 
keeping ζ and d fixed, affects the RL-RO curve.   To 
show this, we point out a very convenient result.  First, 
we note that throughout the specifications of the 
problem, the only dimension of length which was ever 
specified was the proof-mass stroke, d.  Next, we point 
out that the force limit Fmax and the command limit rmax  
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Figure 10:  Trade-off between RL and RO for fixed m, d, 
and ζ 

 
are both linear functions of d.  From this, it can be 
concluded that if an initial condition x0 yields some 
state-space response x(t), then if we change d to αd, 
with α greater than zero, the initial condition αx0 will 
yield the state-space response αx(t).   The result of this 
is that such a change in d to αd will yield proportional 
changes in RL and RO: 

( ) ( )
( ) ( )




→
→

⇒→
θαθ
θαθ

α
OO

LL
RR
RR

fixedmdd ,     (24) 

This is illustrated in Figure 11.   
 This property leads immediately to the 
conclusion that a unique design solution {K, θ} exists, 
for a specified mass m and with some minimal stroke 
length d, which satisfies the three specifications of ζ, RL 
and RO.  This minimal solution is shown in Figure 9 as 
well. 
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Figure 11:  Shift in RL – RO curve with increases in d 
 
The Mass-Stroke Curve 
 We have now shown that, given a mass m, 
specifications can be met for ζ, RL, and RO, and 
furthermore, we have shown how to meet these 
specifications with minimal stroke length d.  The next 
logical step is to plot a curve of mass versus minimal 
stroke length, where the mass m is the independent 
variable.  From a simulation point of view, this amounts 

to designating an array of masses m over which to 
evaluate d.  Then, for each m,  
 
   1)   Find the set of feedback laws {K, θ} which yield 
 ζ, as in Figure 4 
   2)   Find the RL-RO curve for some d, as in Figure 10 
   3)   Find the stroke length d which yields RO and RL, 
 as in Figure 11 
 
 For specifications of ζ = 5%, RL = 0.02, and 
RO = 0.8, the m-d curve in Figure 12 was generated this 
way.  Of course, any m-d combination above the curve 
in Figure 12 is also a feasible design, but, as we assume 
the size of the machine is to be as small as possible, 
only the minimal m and d values are considered. 
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0.8

1
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d

Figure 12:  Mass-Stroke curve, for fixed specifications 
of ζ, RL, and RO 

 
 Within this framework, it becomes very 
convenient to consider "acceptable" proof-mass sizes, 
characterized by {m, d}, given the constraints of ζ, RO, 
and RL.  Furthermore, it becomes very feasible to see 
how the demand on the proof-mass size increases as the 
constraints are made more restrictive.  For example,  
Figure 13 exemplifies the tendency in the m-d tradeoff 
as the requirement on the operating region radius RO is 
increased, seeming to suggest that the increased 
demands on RO are more noticeable for designs with 
larger masses.   
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Figure 13:  Mass-Stroke curves for increasingly large 

RO specifications 
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Optimal Proof-Mass Sizing 
 
 At this point, we have established three 
performance measures for the system; ζ, RL, and RO.  
We have further shown that, for a closed-loop system 
design constrained to specifications for these three 
measures, a trade-off exists between the mass m and the 
corresponding minimum required stroke length d, 
illustrated in the mass-stroke curve in Figure 11.  Thus, 
from this set of m-d designs, we have the freedom to 
choose the proof-mass size which is most appealing for 
a given application.  For applications with heavy size 
restrictions, a smaller stroke length and larger mass can 
be used.  Similarly, low-mass solutions can be obtained, 
with large stroke lengths, for applications where weight 
is a primary concern.   
 For applications where minimal size and 
weight are both of comparable importance, of course, 
we are faced with a trade-off.  To optimize the size of 
the proof-mass, we first present the convex cost 
function J, in terms of the mass m, stroke length d, and 
rated force Fmax as 

J = qmm2 + qdd2 + qFFmax
                 (25) 

Here, we have included the force limit Fmax, which may 
also be a factor in the favorability of the particular 
actuator design chosen.  In light of equation (5), J can 
be made a function of only m and d as  

( ) [ ] 



















=

d
m

qq
qqdmdmJ

dstF

stFm
2

2, 2

2

ω
ω       (26) 

thus yielding a two-dimensional quadratic cost 
function.   
 Our goal in sizing the proof-mass m and d 
parameters is to minimize this cost function over the set 
of "acceptable" solutions to the hard constraints ζ, RL, 
and RO, represented by the mass-stroke curve.  Thus,  
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1
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Increasing
            RO

= optimal solution
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Figure 15: Changes in optimal proof-mass size for 

increased operating region radius 
 
the sizing process is one of constrained optimization.  
Observe Figure 14.  Overlaying the m-d curve of 
acceptable proof-mass sizes on a contour map of J(m,d), 
the optimal solution is immediate, as the point along the 
m-d curve which attains the lowest value of the cost 
function.   
 Additional insight into the sizing process can 
be gained by studying the additional "cost" of the 
optimal size {m,d} as a result of increasing the 
constraints.  Figure 15 shows the change in the optimal 
{m,d} solution for incremental increases in the RO 
constraint, implying that an increasing demand of 
stroke protection is met by increases in both mass and 
stroke. 
 

Conclusions 
 
 In this paper, the nonlinear behavior of a 
position/velocity feedback system for a proof-mass 
actuator has been incorporated into the linear system 
design.  Two performance measures were proposed to 
represent the nonlinear system behavior.  The Linear 
Region Radius was shown to be a reliable indicator of 
the maximum size disturbance which could be handled 
by the non-saturated system.  Furthermore, a closed-
form relationship was developed to find it from 
properties of the control system and actuator.  The 
Operating Region Radius was proposed as a measure of 
the maximum size disturbance for which the stroke 
could be guaranteed not to saturate.  Although it has no 
closed-form approximation, computationally efficient 
methods of finding it from simulation were discussed.   
 A trade-off relationship between the operating 
region and linear region radii was illustrated, and the 
effects of the two performance measures on changes in 
actuator stroke length were discussed.  Furthermore, a 
simple routine was proposed to find, for any actuator 
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mass, the minimum required stroke length to meet 
specifications of linear system damping, as well as 
operating region and linear region radii.  This routine 
was used to create a mass-stroke curve depicting all 
acceptable design solutions. 
 Finally, using this mass-stroke curve, a method 
to minimize proof-mass mass and stroke was 
developed, and exemplified.  Such an optimization 
routine may prove useful for applications for which size 
and weight concerns are immediate. 
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